MST125 
Essential mathematics 2 


Exercise Booklet 5 


The Open 
University 
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1 Balancing forces 


Exercise 1 


A particle, which remains at rest, is acted on 
by three forces R, S and T, where 
R = —2i + 5j and S = 3i + 9j. 


Find the force T in component form. 


Exercise 2 


Find the component form of the force F of 
magnitude 12N that acts to the left and down 
at 60° to the horizontal. 


Exercise 3 


Find the magnitude and direction of the force 
P = —3i + 2j (given in newtons). Give the 
magnitude in newtons to one decimal place, 
and the direction to the nearest degree. 
Assume that i points to the right and j 
points up. 


Exercise 4 


Three forces act on a particle at rest. The 
force F has magnitude 8N and is directed 
vertically downwards, and the force G has 
magnitude 5N and is directed to the right. 


Find the magnitude (to the nearest newton) 
and direction (to the nearest degree) of the 
third force H. 


Exercise 5 


A particle, which remains at rest, is acted on 
by three forces, P, Q and R. The force P is 
directed upwards. The force Q has magnitude 
100 N and is directed to the right and down at 
150° to the vertical. The force R is directed to 
the left and down at 135° to the vertical. 


Find the magnitudes of the forces P and R, 
giving your answers as exact values. In your 
working, take i to point right and j to point 


up. 


Exercise 6 


A particle, which remains at rest, is acted on 
by three forces, F, G and H. The force F is 
directed to the right. The force G is directed 
to the left and down, at 20° to the horizontal. 
The force H is directed to the left and up, at 
70° to the horizontal, and has magnitude 50 N. 


Find the magnitudes of the forces F and G, 
in newtons to one decimal place. In your 
working, take i to have the same direction 
as H, and j to have the same direction as G. 


2 Using tensions and 
normal reactions 


Exercise 7 


A tall post is driven into the ground and held 
in place by four light ropes. The ropes run 
horizontally from the top of the pole to 
adjacent buildings. A bird’s eye view of the 
situation is shown below. 


The tension in rope 1 has magnitude 70N, 
and the tension in rope 2 has magnitude 30N. 


Find the magnitudes of the tensions in the 
other two ropes, in newtons to three 
significant figures. 


Exercise 8 


A barrel of mass 20 kg is hanging from a 
horizontal ceiling on two cords. The cord on 
the left makes an angle of 50° with the ceiling, 
and the cord on the right makes an angle 

of 25° with the ceiling. 


Find the tension in each cord, in newtons to 
two significant figures. 


Exercise 9 

While participating in a publicity event, a 
politician of unknown mass has become stuck 
part way down a light, faulty zip-wire. The 
longer part of the zip-wire cable makes an 
angle of 22° with the horizontal and has a 
tension of magnitude 663 N. The shorter part 
of the zip-wire cable makes an angle of 48° 
with the horizontal. 


48° 


Find the mass of the politician (in kilograms) 
and the magnitude of the tension (in newtons) 
in the shorter part of the zip-wire cable. Give 
your answers to two significant figures. 


Exercise 10 


A box of mass 4kg rests on a sloping smooth 
surface that makes an angle of 40° with the 
horizontal. The box is prevented from sliding 
down the slope by a rope attached to it, 
which runs parallel to the slope, as shown in 
the diagram below. 


2 Using tensions and normal reactions 


Calculate the magnitudes of the tension in 
the rope and the normal reaction of the 
surface on the box. Give your answers in 
newtons to two significant figures. Choose i to 
point perpendicular to the slope and j to 
point up the slope. 


Exercise 11 


A block of mass 3kg is held at rest on a 
smooth inclined plane by an attached string. 
The plane is inclined at 60° to the horizontal, 
and the string is angled at 5° to the plane, as 
shown in the diagram below. 


60° 


Calculate the magnitudes of the tension in 
the string and the normal reaction of the 
plane on the block. Give your answers in 
newtons to two significant figures. Take i and 
j to be perpendicular and parallel, 
respectively, to the slope. 


Exercise 12 


Repeat the previous exercise, but take i and j 
to be horizontal and vertical, respectively. 
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Exercise 13 


A rock of mass m is wedged in a crevice 
between a smooth vertical wall and an 
inclined, smooth surface at an angle a to the 
horizontal (where 0 < a < 90°), as illustrated 
below. So the rock is acted on by normal 
reactions from both the wall and the angled 
surface, as well as being acted on by its 
weight. 


Q 


(a) By drawing a force diagram and resolving 
forces, show that the normal reaction 
from the wall has magnitude 


mg tana, 


where g is the magnitude of the 
acceleration due to gravity. 


(b) If the rock has mass 5kg, what must the 
angle a be so that the normal reaction 
from the wall has magnitude 49 N? 


Exercise 14 


A car of mass 1200 kg has been winched onto 
the back of a lorry. The lorry is parked on a 
slight slope, so that the floor of the back of 
the lorry is an inclined surface, at 8° to the 
horizontal. The car is held in place by a taut, 
light rope and a raised padded ‘lip’ that stops 
the car rolling backwards. The lip is at 90° to 
the floor of the back of the lorry. Assume that 
all surfaces are smooth. The tension in the 
rope has magnitude 650 N. 


1200 ke 


(a) Find the magnitudes of the normal 
reactions from the floor of the back of the 
lorry and from the lip. Give your answers 
in newtons to two significant figures. 


(b) Suppose now that the lip is tilted away 
from the car by 10°, so that the angle 
between the floor of the lorry and the lip 
is now 100°. Suppose that the tension in 
the rope remains the same. 


Find the magnitudes of the normal 
reactions from the floor of the back of the 
lorry and the lip in this situation. Give 
your answers in newtons to two 
significant figures. 


3 Static friction 


Exercise 15 


A rubber box of mass 5kg rests on a tarmac 
pavement. The coefficient of static friction 
between the box and the pavement is 0.75. 


What is the maximum horizontal force that 
can be applied to the box without the box 
moving? Give your answer in newtons to two 
significant figures. 


Exercise 16 


A box of mass 50 kg is held on a rough plane 
inclined at 60° to the horizontal by a rope 
parallel to the plane, as shown below. 


C 
ge 


60° 


If the tension in the rope is 100 N, what is the 
magnitude and direction of the friction force? 
Give the magnitude in newtons to two 
significant figures, and the direction to the 
nearest degree. 


Exercise 17 


A cup on a table is found to start slipping 
when the table is tilted at 15° to the 
horizontal. What is the coefficient of static 
friction between the cup and the table, to two 
decimal places? 


Exercise 18 


A sled of mass 10 kg is held in place on a 
snowy hillside by a light string. The hillside is 
at an angle of 20° to the horizontal, and the 
string is inclined at 16° to the hillside. The 
coefficient of static friction between the snowy 
hillside and the sled is 0.2. 


What is the tension in the string, if the sled is 
on the point of slipping up the plane? Give 
your answer to two significant figures. 


Exercise 19 


A box of mass 5 kg is held at rest on a rough, 
inclined plane by an old piece of light string. 
The string can take a maximum tension 

of 25N before it will snap. The angle 0 that 
the plane makes with the horizontal is slowly 
increased until the box is on the point of 
slipping down the plane and the string is on 
the point of snapping. The string remains 
parallel to the plane throughout. The 
coefficient of static friction between the plane 
and the box is u = 1/3. 


SS 


[0N 


4 More than one object 


(a) Take i to point down the plane and j to 
point perpendicular to the plane. 


Show that at the moment when the box is 
on the point of slipping down the plane 
and the string is on the point of snapping, 
the angle 0 made by the plane and the 
horizontal satisfies 

sin 6 — ey = a 


V3 g 


Use the trigonometric identity 
sin(A — B) = sin A cos B — cos Asin B 
to show that 


—> 
eg 
ma 


2 4 1 
NE sin(@ — 30°) = sin 8 NE cos 6. 
(c) Hence find the angle 6, with 0° < 8 < 90°, 
at which the box is on the point of 
slipping down the plane and the string is 
on the point of snapping. Give your 
answer to the nearest degree. 


4 More than one object 


Exercise 20 


A baby’s cot toy consists of a ball of 

mass 0.5 kg hanging from the ceiling on a 
cable, with a teddy bear of mass 0.8 kg 
suspended from the ball by a string. By 
modelling the ball and the teddy bear as 
particles, and the cable and the string as 
model strings, calculate the magnitudes of the 
tensions in the cable and string, in newtons to 
two significant figures. 
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Exercise 21 


In preparation for a performance, acrobat A 
hangs from a light trapeze that makes an 
angle of 30° with the vertical, holding a light 
rope ladder. Acrobat B hangs from the end of 
the rope ladder, and is held in position by a 
light rope attached to a wall. The rope ladder 
makes an angle of 45° with the horizontal, and 
the rope makes an angle of 15° with the 
horizontal. The situation is illustrated below. 


The mass of acrobat A is 65kg. Find the 
mass of acrobat B. 


Hint: to make the calculations easier, take i 
to point down the rope ladder and j to point 
perpendicular to the rope ladder. 


cos 15° 
sin 15° 


=2+ v3 


(The evaluation cot 15° = 


may be useful.) 


Exercise 22 


Two people are taking part in a tug of war. 
They stand on a horizontal surface several 
metres apart, with a light rope between them 
that they both pull. The coefficient of static 
friction between the surface and person A 

is 0.3. The coefficient of static friction 
between the surface and person B is 0.4. 
Person A has mass 82 kg, and person B has 
mass 66 kg. 


= 0.3 w=04 
82 kg 66 kg 


If the two people keep pulling harder (that is, 
keep increasing the tension without moving 
their feet), who will slip first? 


Exercise 23 


A loaded sledge is held at rest on a smooth 
icy ramp inclined at 8° to the horizontal by a 
rope parallel to the ramp, as shown below. 
The rope passes over a pulley at the top of 
the ramp, and a metal weight of mass 13 kg 
hangs from the other end of the rope. 


13 kg ge 


Model the sledge and the metal weight as 
particles, the rope as a model string, the 

ramp as a smooth inclined plane, and the 
pulley as a model pulley. 


Find the mass of the sledge, in kilograms to 
two significant figures. 


Exercise 24 


A wooden block of mass 18kg rests on a rough 
ramp inclined at 32° to the horizontal. A rope 
is attached to the block and runs parallel to 
the ramp and over a pulley at the top of the 
ramp, as shown below. A metal weight hangs 
from the other end of the rope, and is just 
heavy enough to cause the wooden block to 
be on the point of slipping up the ramp. The 
coefficient of static friction between the 
wooden block and the ramp is 0.3. 


Model the wooden block and the metal weight 
as particles, the rope as a model string, and 
the pulley as a model pulley. 


(a) Find the mass of the metal weight, in 
kilograms to two significant figures. 


(b) By how much could you decrease the 
mass of the metal weight without the 
wooden block slipping down the plane? 
Give your answer in kilograms to two 
significant figures. 


Exercise 25 


A crate is suspended in the air by two ropes 
that go over pulleys at ceiling height and have 
weights attached at their ends, as shown 
below. 


The crate hangs exactly halfway between the 
two pulleys. Each rope is 4m long. Each 
weight hangs 2.5m below the ceiling and has 
mass 25kg. The crate has mass 40 kg. 


Let 0 be the angle that each rope makes with 
the horizontal at its point of attachment to 
the crate. (Each rope is at the same angle, 
because of the symmetry of the situation.) 


(a) Find the value of sin 0. 


(b) Hence find how far below the ceiling the 
crate is suspended. 


4 More than one object 


Exercise 26 


A block of mass 1 kg is held at rest on a 
rough, inclined plane by a light string that 
passes over a pulley at the top of the plane 
and is attached to a weighing pan holding 
weights, as shown in the diagram below. 


It is found that when the combined mass of 
the weighing pan and the weights is 0.35 kg, 
the box is on the point of slipping down the 
plane, and when the combined mass of the 

weighing pan and the weights is 0.90 kg, the 
box is on the point of slipping up the plane. 


Model both the block and the combination of 
the weighing pan and the weights as particles, 
the string as a model string, and the pulley as 
a model pulley. Let 0 be the angle that the 
plane makes with the horizontal, and let u be 
the coefficient of static friction between the 
block and the plane. 


(a) By considering the situation where the 
block is on the point of slipping down the 
plane, show that 

_ siné — 0.35 
7 cosO ` 

(b) By considering the situation where the 
block is on the point of slipping up the 
plane, show that 

_ 0.9 =sin? 
— cosh ` 

(c) Hence find the angle 6 to the nearest 
degree, and the coefficient of static 
friction u to two significant figures. 
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Solutions to exercises The force P has magnitude 3.6 N (to 1 d.p.) 
and is directed to the left and up, at 34° (to 


the nearest degree) to the horizontal. 


Solution to Exenise d Solution to Exercise 4 


The particle is in equilibrium, so 
R+S+T = 0. Hence 


H 
T=-R-S 
= —(—2i + 5j) — (3i + 9j) j 
= 2i— 5j — 31 9j a | 
= —i — 14j. R 
Solution to Exercise 2 z 


12 cos 60° 
E 60° In component form, 
j F=-—8j and G=5i. 
12sin 60° È ie oo is at rest, F+G+H=0. 
H = —F — G = 8j — 5i. 
F Hence the magnitude of H is given by 
|H| = (5)? +8? = V89 = 9.433... 
From the diagram, To find the direction of H, consider the 


following triangle. 
F = —12 cos 60°i — 12 sin 60°j opowine triatge 


1 V3 
= —12 x =i — 12 x —j 
x 5i xed H 
= —6i- 6V3j. 
Solution to Exercise 3 8 


The magnitude is given by 


P| = /(—3)2 + 2? = V13 = 3.6055... 


The magnitude is 3.6 N (to 1 d.p.). 


The force P is sketched below. This gives 
tang = 8 
z so 
| @ = tan’ (2) = 57.994...°. 
: | j The force H has magnitude 9N (to the 
E o) t nearest newton) and is directed to the left 


and up, at 58° (to the nearest degree) to the 
horizontal. 
From the diagram, we can see that 
tang = 2, 
so 


o = tan™t (2) = 33.690...°. 


Solution to Exercise 5 


P 


Q 


We know that |Q| = 100. Let P = |P| and 
R=|RI. 


Writing the forces in component form gives 
P= Pj, 
Q = Q cos 60°i — Q sin 60°j 
1 
= 100 x =i — 100 x v3. 
2 2 
= 50i — 50V3j, 
R = —Rcos 45°i — R sin 45°j 


2 2 


Since the particle is at rest, P+ Q +R = 0. 


This gives 


Pj+50i—50V3j Ae —0, 


that is, 
(s0- Pn) i4 (> 50V3 Fn); 


= 0. 


Resolving in the i- and j-directions gives 


2 
50-2 R=0, 


p-sov3- R= 0. 


The first equation gives 


R= T5 = 50v3. 


Substituting the value of R into the second 
equation gives 


p—sovi- @ x sov3 = 0, 


sO 


P—50V3 — 50 = 0, 


Solutions to exercises 


thus 
P = 50(1 + V3). 


So the magnitude (in newtons) of the force P 
is 50(1 + v3), and the magnitude (in 
newtons) of the force R is 50/2. 


Solution to Exercise 6 


G 


We know that |H| = 50. Let F = |F| and 
= |G. 

Writing the forces in component form gives 
H = 50i, 
G = Gj, 
F = —F sin 20°i — F cos 20°). 


Since the particle is at rest, F+G+H=0. 
This gives 


50i+ Gj — F sin 20°i — F cos 20°j = 0, 
that is, 

(50 — F sin 20°) i+ (G — F cos 20°) j = 0. 
Resolving in the i-direction gives 

50 — F sin 20° = 0, 


SO 
— 50 
~ sin 20° 
Resolving in the j-direction gives 


G — F cos 20° = 0, 


= 146.190.... 


So 
G = F cos 20°. 
Substituting in the value found for F gives 
50 50 
= 20° = = 137. ae 
sin 20° eee tan 20° plete 


So F has magnitude 146.2 N, and G has 
magnitude 137.4N (each to one decimal 
place). 
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Solution to Exercise 7 


Model the post as a particle and the ropes as 
model strings. 


The forces acting on the particle are the 
tensions S, T, U and V in the four ropes. A 
force diagram is shown below. 


Let U = |U| and V = |V|. We know that 
[S| = 70 and |T| = 30. 


Take i to point right and j to point up, as 
shown. 


The forces can be written in component form 
as 


S = 70 cos 60°i + 70 sin 60°j 
= 70 x sit 70x ac 
= 351+ 35V3j, 
T = 30cos 15°i — 30sin 15°), 
U = —U cos 70°i — U sin 70°j, 
V=-Vi. 
Since the post remains at rest, we have 
S+T+U+4+V=0, 
so 
351+ 35V3j + 30cos15°i— 30sin 15°j 
— U cos 70°i — U sin 70°ĵ}— Vi = 0. 


Resolving this equation in the i- and 
j-directions gives the simultaneous equations 


35 + 30 cos 15° — U cos 70° — V = 0, 

35V3 — 30 sin 15° — U sin 70° = 0. 
We now solve these equations to find U 
and V. Rearranging the second equation gives 
_ 3573 — 30sin 15° 
E sin 70° 


Rearranging the first equation and 
substituting in (the full calculator accuracy 


U = 56.249.... 


10 


value) for U gives 


V = 35 + 30 cos 15° — 56.249... x cos 70° 
= 44.7393.... 


Hence the magnitudes of the tensions in the 
other two ropes are 56.2 N and 44.7 N 
(to 3 s.f.). 


Solution to Exercise 8 


Model the barrel as a particle, and the cords 
as model strings. The forces acting are the 
weight W of the barrel, the tension S in the 
left-hand cord, and the tension T in the 
right-hand cord. A force diagram is shown 
below. 


W 


Let i point right and j point up, as shown. 
Let S = |S| and T = |T]. 
Writing the forces in component form gives 
W = —209j, 
S = — 5 cos 50°i + S sin 50°), 
T = T cos 25°i + T sin 25°). 
Since the particle is at rest, W +S +T = 0. 
So 
—20gj — S cos 50°i + S sin 50°j 
+ T cos 25°i + T sin 25°j = 0. 
Resolving in the i- and j-directions gives 
— S cos 50° + T cos 25° = 0, 
—20g + S sin 50° + T sin 25° = 0. 
From the first equation, 
T- S cos 50° 
cos 25° 


Substituting this into the second equation 
gives 


S cos 50°sin 25° _ 


—20g + S sin 50°+ = 0, 
cos 25° 


that is, 
—20g + S sin 50°+ S cos 50°tan 25° = 0. 


Rearranging gives 


S(sin 50° + cos 50°tan 25°) = 20g, 


and hence 
20g 
= sin 50°4 cos50°tan 25° 183.902.... 
Substituting into the equation for T gives 
__ cos 50° 7 20g 
cos25° sin 50°+ cos 50°tan 25° 
o 1I E 20g 
cos25° tan 50° + tan 25° 
_ 20g 
~ cos 25°tan 50° + sin 25° 
= 130.430.... 


Hence the tension in the cord on the left 
is 180 N, and the tension in the cord on the 
right is 130N (both to 2 s.f.). 


Solution to Exercise 9 


Model the politician as a particle and the two 
parts of the zip-wire cable as model strings. 


Let m be the mass (in kg) of the politician, 
and let T be the magnitude of the tension (in 
newtons) in the shorter part of the zip-wire 
cable. 


The forces acting on the politician are his 
weight W, the tension T; in the longer part 
of the zip-wire, and the tension Tə in the 
shorter part of the zip-wire. A force diagram 
is shown below. 


Ti 


W 


Take i to point to the right and j to point 
upwards, as shown. 


We know that |W| = mg and |T,| = 660. Let 
T = |T2|. From the force diagram we have 
Tı = —663 cos 22°i + 663 sin 22°j, 
Tə = T cos 48°i + T sin 48°j, 
W = -mgj. 


Solutions to exercises 


Since the politician is at rest, the equilibrium 
condition holds; that is, 


Tı + T2+ W =O. 
This equation becomes 
—663 cos 22°i + 663 sin 22°j + T cos 48° 
+T sin 48°j — mgj = 0. 
Resolving in the i- and j-directions gives 
—663 cos 22°+ T cos 48° = 0, 
663 sin 22°+ T sin 48°— mg = 0. 
Rearranging the first equation gives 
_ 663 cos 22° 
cos 48° 


Rearranging the second equation and 
substituting in the value found for T, we get 


663 sin 22° + T sin 48° 
Mm = [1a aauauaasasaasasassasasasasisiIiIiIiIiIiÃħi5o 
g 
_ 663 sin 22°+ 918.688... x sin 48° 
7 9.8 


= 918.688.... 


= 95.008.... 


Hence the mass of the politician is 95kg (to 
2 s.f.), and the tension in the shorter part of 
the zip-wire is 920N (to 2 s.f.). 


Solution to Exercise 10 


Model the box as a particle and the rope as a 
model string. From the question, the surface 
is smooth. The forces acting on the box are 
its weight W, the tension T in the rope, and 
the normal reaction N of the surface on the 
box. A force diagram is shown below. 


Let T = |T| and N = |N|. We know that 
|W] = 4g. 
Writing the forces in component form gives 
N= Ni, 
T=Tj, 
W = —4g cos 40°i — 4g sin 40°). 


11 
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Since the particle is at rest, N+ T+W=0. 


This gives 
Ni+Tj-— 4g cos 40°i — 4g sin 40°j = 0. 
Resolving in the i- and j-directions gives 
N — 4g cos 40° = 0, 
T — 4gsin 40° = 0. 
Hence 
N = 4 x 9.8 x cos 40° = 30.028... 
and 
T = 4 x 9.8 x sin 40° = 25.197.... 


So the magnitude of the tension is 25 N 
(to 2 s.f.), and the magnitude of the normal 
reaction is 30N (to 2 s.f.). 


Solution to Exercise 11 


Model the block as a particle and the string 
as a model string. From the question, the 
surface is smooth. The forces acting on the 
block are its weight W, the tension T in the 
string, and the normal reaction N of the 
surface on the block. A force diagram is 
shown below. 


Let T = |T| and N = |N|. We know that 
|W] = 3g. 


Writing the forces in component form gives 
N= Ni, 
T = T sin 5°i + T cos 5°j, 
W = —3g cos 60°i — 3g sin 60°j. 


Since the particle is at rest, N+T + W =0. 


This gives 
Ni+Tsin5°i+T cos5°j 
— 3g cos 60°i — 3g sin 60°j = 0. 


Resolving in the i- and j-directions gives 
N +T sin 5°— 3g cos 60° = 0, 
T cos 5° — 3g sin 60° = 0. 
The second equation gives 
T= 3g sin 60° 
cos 5° 
Substituting this into the first equation gives 
N = —T sin 5° + 3g cos 60° 
E 3g sin 60° 


= ——=———— x sin 5°+ 3g cos 60° 
cos 5° 


= —3g sin 60°tan 5° + 3g cos 60° 
= I2 APs 


= 25.558.... 


So the magnitude of the tension in the string 
is 26N (to 2 s.f.), and the magnitude of the 
normal reaction is 12N (to 2 s.f.). 

Solution to Exercise 12 


With the same situation, but a different 
coordinate system, as specified, the force 
diagram is as follows. 


T N 


65° 30° 


W 


Writing the forces in component from gives 
N = N cos 30°i + N sin 30°), 
T = —T cos 65°i + T sin 65°j, 
W = —3gj. 
Since the particle is at rest, N+T + W =0. 
This gives 
N cos 30°i + N sin 30°j 
— T cos 65°i + T sin65°j — 3g j = 0. 
Resolving in the i- and j-directions gives 
N cos 30° — T cos 65° = 0, 
N sin 30° + T sin 65° — 3g = 0. 
The first equation gives 


_ N cos 30° 
~~ cos 65° ` 


Substituting this into the second equation 
gives 
N cos 30° 
N sin 30°+ aa x sin 65°— 3g = 0, 
cos 65° 
that is, 


N sin 30°+ N cos 30°tan 65° — 3g = 0. 
Hence 
N (sin 30°+ cos 30°tan 65°) = 3g, 
which gives 
ve Yy 
sin 30° + cos 30°tan 65° 
Substituting this expression for N into the 
equation for T found earlier gives 
_ 3g cos 30° 
~ cos 65°%sin 30° + cos 30°tan 65°) 
3g 
cos 65° tan 30°+ tan 65°) 
3g 
cos 65°tan 30° + sin 65° 
25.558... 


= 12.472.... 


So the magnitude of the tension in the string 
is 26N (to 2 s.f.), and the magnitude of the 
normal reaction is 12 N (to 2 s.f.). 


Solution to Exercise 13 


(a) Model the rock as a particle. From the 
question, the wall and the inclined 
surface are smooth. 


The forces acting on the particle are the 
weight W of the rock, the normal 
reaction N; from the wall, and the 
normal reaction Ns from the inclined 
surface. A force diagram is shown below. 


N2 
Ni 


W i 


We know that |W| = mg. 


Take i to point right and j to point up, as 
shown. 


Na 


Solutions to exercises 


Let Ny = IN:| and No = IN|. 


Expressing the three forces in component 
form gives 


Nı = Mi, 
No = —Nosinai+ N2 cosaj, 
W = -mgj. 
The particle is in equilibrium, so 
N,+N.+W =0, 
which gives 
N,i- Nosinai+ Ng cosaj 
—mgj=0. 
Resolving this equation in the i- and 
j-directions gives 
Nı — No sina = 0, 
Nə cosa — mg = 0. 
From the second equation we get 
mg 


cos a’ 


which we can substitute into the first 
equation to obtain 


mg . 
Nı = sin @ 
cos Q 


sin @ 


COS Q 
= mg tan a. 


So the normal reaction from the wall has 
magnitude mg tan aq, as required. 


Now we are told that the mass of the 
rock is 5kg and the normal reaction from 
the wall has magnitude 49 N; that is, 

m = 5 and N; = 49. 


Substituting these values into the 
equation 


Ny, = mgtana 
found in part (a) gives 
49=5x 9.8tana, 

that is, 
tana = 1. 


So we must have a = 45°. 
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Solution to Exercise 14 


(a) Model the car as a particle and the rope 


as a model string. From the question, the 
lip and the inclined floor of the lorry are 
smooth. 


The forces acting on the particle are the 
weight W of the car, the normal reaction 
N; from the floor of the back of the lorry, 
the normal reaction Nə from the lip, and 
the tension T in the rope. A force 
diagram is shown below. 


Ni 
No T 


82° 


We know that |W| = 1200g and 
IT| = 650. 


Take i to point parallel to the floor of the 
back of the lorry, and take j to be 
perpendicular to this floor, in the 
directions shown. 


Let Ni = IN:| and No = IN|. 


Expressing the four forces in component 
form gives 


Ni = Nij, 
No = Noi, 
T = 650i, 


W = —1200g cos 82°i — 1200g sin 82°). 
Since the car is in equilibrium, we have 
Ni+N2+T+W=0O, 
which gives 


Ni j+Noi+ 650i 


— 12009 cos 82°i — 1200g sin 82°j = 0. 


Resolving this equation in the i- and 
j-directions gives the simultaneous 
equations 

Nə + 650 — 1200g cos 82° = 0, 

N; — 1200gsin 82° = 0. 


eS 


Rearranging the second equation gives 


Nı = 1200 x 9.8 x sin 82° 
—11645.5..., 


and rearranging the first equation gives 


Nz = 1200 x 9.8 x cos 82° — 650 
= 986.67.... 
Hence the magnitude of the normal 
reaction from the floor of the back of the 
lorry is 12000N (to 2 s.f.), and the 


magnitude of the normal reaction to the 
lip is 990 N (to 2 s.f.). 


Since only the lip has moved, only No, 
the normal reaction from this surface, 
will change direction. A revised force 
diagram is shown below. 


Ni 


Now we have 
Nə = No cos 10°i + No sin 10°j. 
The component forms of the other forces 
remain unchanged. 
The equilibrium condition 
Ni+N2+T+W=0 
now becomes 
Ni j+ No cos 10°i + Ne sin 10°j + 650i 
— 1200g cos 82°i — 1200g sin 82°j = 0. 
Resolving this equation in the i- and 
j-directions gives 
Na cos 10° + 650 — 1200g cos 82° = 0, 
N, + Nə sin 10°— 1200g sin 82° = 0. 
Rearranging the first equation gives 


1200 x 9.8 cos 82° — 650 


cos 10° 
1001.8.... 


N = 


Rearranging the second equation and 
substituting in the (full calculator 
accuracy) value for Nə gives 


Nı = 1200g sin 82° — No sin 10° 
= 1200 x 9.8 sin 82° 
— 1001.8... x sin 10° 
= 11471.5.... 


Hence the magnitude of the normal 
reaction to the floor of the back of the 
lorry is now 11000N (to 2 s.f.), and the 
magnitude of the normal reaction to the 
lip is now 1000N (to 2 s.f.). 

Solution to Exercise 15 


Assume that someone pushes the box so that 
it is on the point of slipping. 


5kg 


u = 0.75 


Model the box as a particle. 


The forces acting are the friction force F, the 
applied horizontal force P, the weight W, 
and the normal reaction N. A force diagram 
is shown below. 


a o 
F P i 
W 


We know that |W] = 5g. 


Take i to point right and j to point up, as 
shown. 


Let F = |F|, P = |P| and N = |NI. 
Writing the forces in component form gives 


P = Pi, 


N= Nj, 
F = —Fi, 
W = —5gj. 


Since the particle is at rest, 


P+N+F+4+W=0O. 


Solutions to exercises 


This gives 
Pi+Nj-Fi-5gj=0. 

Resolving in the i- and j-directions gives 
—-F+P=0, 
N — 5g = 0. 

The second equation gives N = 5g. 

Since the box is on the point of slipping, 
F = uN = 0.75 x 5g = 3.75g. 

Substituting this into the first equation gives 
P = F = 3.75g = 36.75. 

So the required magnitude of the pushing 

force is 37N (to 2 s.f.). 

Solution to Exercise 16 


Model the box as a particle and the rope as a 
model string. 


The forces acting are the weight W of the 
box, the normal reaction N, the tension T in 
the string, and the friction force F. A force 
diagram is shown below. The direction of the 
friction force is not clear, so for now we show 
it as being down the slope. 


We know that T = |T| = 100 and 
W = [W] = 50g. Let F = |F| and N = |N]. 


Writing the forces in component form gives 


T = 100), 
F= -Fj, 
N=Ni, 


W = —50g cos 60°i — 50g sin 60°). 
Since the particle is at rest, 
T+F+N+W=0. 
This gives 
100j-Fj+Ni 
— 50g cos 60°i — 50g sin 60°j = 0. 
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Resolving in the j-direction gives 
100 — F — 50g sin 60° = 0, 
hence 
F = —50g sin 60° + 100 
= —50 x 9.8 sin 60°+ 100 
= —324.35.... 
Since F is negative, F points in the opposite 
direction to i. So the friction force has 


magnitude 320N (to 2 s.f.) and acts up the 
slope. 


Solution to Exercise 17 
The coefficient of static friction is 


u = tan 15° 
= 0.2679... 
=0.27 (62 d.p.). 


Solution to Exercise 18 


Model the sled as a particle and the string as 
a model string. 


The forces acting on the sled are its 

weight W, the normal reaction N from the 
slope, the tension T in the string, and the 
friction force F. Since the sled is on the point 
of slipping up the slope, the friction force acts 
down the slope. A force diagram is shown 
below. 


ie 


W 


Take i to point up the slope and j to point 
perpendicular to the slope, as shown. 


We know that |W| = 10g. Let N = |N| and 
T=|T|: 


Since the sled is on the point of slipping, we 
can use the equation |F| = y|N|. Here 
u = 0.2, so this gives |F| = 0.2N. 


From the force diagram we have 
T = T cos 16°i + T sin 16°j, 
N = Nj, 
W = —10g cos 70°i — 10g sin 70°j, 
F = —0.2Ni. 
Since the sled is in equilibrium, we have 
T+N+W-+F=0O, 
so 
T cos 16°i + T sin 16°j + Nj — 10g cos 70°i 
— 10g sin 70°j — 0.2N i = 0. 
Resolving in the i- and j-directions gives 
T cos 16° — 10g cos 70° — 0.2N = 0, 
T sin 16°+ N — 10g sin 70° = 0. 
Rearranging the second equation, we get 
N = 10g sin 70° — T sin 16°. 
Substituting this into the first equation gives 
T cos 16° — 10g cos 70° 
— 0.2(10g sin 70° — T sin 16°) = 0, 
that is, 
T cos 16° — 10g cos 70° 
— 2g sin 70° + 0.2T sin 16° = 0. 
We can now rearrange this to find T: 
T (cos 16° + 0.2 sin 16°) 
— 10g cos 70° — 2g sin 70° = 0, 
so 
_ 10gcos70°+ 2g sin 70° 
cos 16° + 0.2 sin 16° 
This gives 
10 x 9.8 cos 70° + 2 x 9.8 sin 70° 


cos 16° + 0.2 sin 16° 
= 51.098.... 


T= 


Hence the tension in the string is 51 N 
(to 2 s.f.). 


Solution to Exercise 19 


(a) Model the box as a particle and the 
string as a model string. 


The forces acting on the box are its 
weight W, the normal reaction N from 
the plane, the tension T in the string, 
and the friction force F. Since the box is 
on the point of slipping down the slope, 
the friction force acts up the plane. A 
force diagram is shown below. 


Take i to point down the plane and j to 
point perpendicular to the plane, as 
shown. 


We know that |W| = 5g, and when the 
string is about to snap, |T| = 25. Let 
N = |NI. 


Since the box is on the point of slipping, 
we can use the equation |F| = u|N|. Here 


u = 1/¥V3, so this gives |F| = N/V3. 
From the force diagram we have 


T = —25i, 


N=Nj, 

W = 5gsin ĝi — 5g cos @j, 
N 

F = —— i. 
V3 


Since the box is at rest, the equilibrium 
condition holds. This is 


T+N+W+-+F=0O, 
which gives 
—25i + Nj + 5gsin@i 


ooN oy 
— 5g cos j — —i = 0. 


v3 


Resolving in the i- and j-directions gives 


25 + 5gsin0 àl 0 
= sin@— — = 0, 
i VB 


N — 5gcos@ = 0. 
The second equation gives 
N = 5gcos 8. 
So the first of the pair of equations above 


gives 


1 
—25 + 5g sin 0 — —= x 5g cos = 0 


v3 


Solutions to exercises 


or 


: 5g 
5g sin — — cos 0 = 25, 
g V3 
thus 
1 5 
sin 0 — —=cos@= -, 
g 


v3 


as required. 
Using the identity 

sin(A — B) = sin A cos B — cos Asin B 
with A = 0 and B = 30°, and multiplying 
through by 2/v3, we get 


<a sin(0 — 30) 
2 > 2 . ó 
= 7 cual — F 
2 V3. 2 1 
=e r ge! 
m ee) 


V3 


By the result of part (b), the equation 


1 5 
sin 0 — — cos ĝ = — 
g 


V3 
becomes 


2 5 
— sin(0 — 30°) = -, 
g 


V3 


which we can rearrange to give 


5v3 
sin(@ — 30°) = oe 


Hence, since 0 < 6 < 90°, 


6 — 30° = sin! (£) 


g 
new | 58 
= sim —— 
2x 9.8 
= 26:22 1 i. 
so 
0 = 56.221...°. 


Therefore the angle 0 at which the box is 
on the point of slipping down the plane 
and the string is on the point of snapping 
is 56° (to the nearest degree). 
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Solution to Exercise 20 


The forces acting on the teddy bear are its 
weight W; and the tension T; in the string 
pulling upwards. 


The forces acting on the ball are its 

weight Wo, the tension T2 in the cable, and 
the tension T3 in the string pulling 
downwards. 


Take j to point vertically upwards. 


Force diagrams are shown below. 


Tə Tı I 
T3 Wi 
W2 

ball teddy bear 


We know that |W,| = 0.8g and |W9| = 0.5g. 
We have |T| = |T| (since Tı and T3 are 
tensions in the same string), so let 

T= Til = |T3|. Also, let To = |Təl]. 


From the force diagram for the teddy bear, 
writing the forces in component form we have 
W: = —0.8gj, 
T, =T). 
From the force diagram for the ball, writing 
the forces in component form we have 


Wvə = —0.5gj, 
T2 = Toj, 
Ts; = Tj. 


Since the teddy bear is at rest, W; + Tı = 0. 
This gives 


—0.8gj+Tj=0. 
Hence —0.8g + T = 0, so T = 0.8g = 7.84. 


Since the ball is at rest, W2 + T2 + T; = 0. 
This gives 


—0.5gj+T2j-Tj=0. 

Hence —0.5g + To — T = 0, which gives 
Tə = 0.5g + T. 

But T = 7.84, so 


To = 0.5g + 7.84 = 0.5 x 9.8 + 7.84 = 12.74. 


So the tension in the string is 7.8 N, and the 
tension in the cable is 13N (both to 2 s.f.). 


Solution to Exercise 21 


Model the two acrobats as particles and the 
trapeze, rope ladder and rope as model 
strings. 


The forces acting on acrobat A are his 
weight Wa, the tension T, in the trapeze, 
and the tension Tə in the rope ladder. 


The forces acting on acrobat B are his weight 
Wp, the tension T3 in the rope ladder, and 
the tension T4 in the rope. 


Force diagrams are shown below. 


Tı 
Š j Ts 
hs 
SS 
A £ 
152 i T4 
45° 45°30 
T2 
Wa Wea 
acrobat A acrobat B 


We know that |W] = 65g. Let the mass of 
acrobat B be m (in kg); then |Wp| = mg. 


Take i to point down the rope ladder and j to 
point perpendicular to the rope ladder, as 
suggested in the question. 


Since Tə and T3 are tensions in the same 
model string (the rope ladder), we have 

|T2| = |Ts|, so let T = |T2| = |Ts|. Also, let 
Tı = Til and Ta = |T4|. 


From the force diagram for acrobat A we have 


Ty = -T cos 15°i + Ti sin 15°), 


Tə = Ti, 
Wa = 65g cos 45°i — 65g sin 45°j 
65g. 659, 
= a i- var 
From the force diagram for acrobat B we have 
T; = -T i, 


T, = T; cos 30°i + Ty sin 30°j 
V3Ta. Ts. 
LF sz J 

2 2 


Wp = mg cos 45°i — mg sin 45°j 


mg., mg, 
= Va i- A j. 
Since acrobat A is in equilibrium, 
Tı +T2 + Wa =O, 
which gives 
—T; cos 15°i + T; sin 15°j + Ti 
M 52 PP 
v2 v2 
Resolving in the i- and j-directions gives 
—T, cos 15°+ T + M =0, 


V2 
65 
St 
V2 
Rearranging the second equation, we get 

65g 

V2sin 15° 
Rearranging the first equation and 
substituting in for 7, gives 


Tı sin 15° — 


Ti = 


65 
T =T, cos 15°— -22 
A2 
65g 515° 65g 
J/2sin 15° V2 
65g 
= —=(cot 15°- 1 
on ) 
65g 
= (2+ V3-1 
a ) 
65g 
= —2(14+ V3), 
E+) 


where in the penultimate line we have used 


the given result that cot 15° = 2 + V3. 
Since acrobat B is in equilibrium, 
T; + T4 + Wg = 0, 


which gives 


3T, T, 
-Ti+ —— i+ a 
mg. 
ee ee 
V2 v2 ie 
Resolving in the i- and j-directions gives 
V3T, mg 
-T + +— =0, 
2 V2 
Ta mg 
2 y2 
Rearranging the second equation, we get 
2mg 
Tı = —. 
4 A 


Solutions to exercises 


Rearranging the first equation and 
substituting in for T4 gives 


vV3Ta mg 

2 v2 

_ y3 2mg | mg 
2 y2 y2 

_ V3mg 

Va VB 


ig 
= avs + 1) 


mg 
= —=(1+ V3). 
7a! ) 
Now we can equate the two expressions for T: 
65g 
+ V3) = 22 (1+ v3). 
v2 BU v2 
Much of this equation cancels, to leave us 
with simply 


m = 65. 


T= 


Hence acrobat B has mass 65kg, the same as 
acrobat A. 


Solution to Exercise 22 


Model the two people as particles and the 
rope as a model string. 


The forces acting on person A are her 

weight Wa, the normal reaction Na from the 
ground, the tension Ta in the rope, and the 
friction force F4. 


The forces acting on person B are her 

weight Wp, the normal reaction Ng from the 
ground, the tension Tg in the rope, and the 
friction force Fg. 


Force diagrams are shown below. 


j 
Na | i Ng 
Fa Ta Tg Fg 
Wa WB 
person A person B 


We know that |Wa| = 82g and |Wp] = 66g. 
Take i and j to point right and up, as shown. 
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Since T, and Tg are tensions in the same 
rope, we have |T,4| = |T], so let 

T= |Ta| = |Tsl. Also, let Fa = Fal, 

Na = INal, Fg = |Fp| and Np = INg]. 


From the force diagram for person A we have 


Ta = Ti, 
Na = Naj, 
Wa = —829j, 
Fa = — Fai. 
From the force diagram for person B we have 
Ts = -Ti, 
Np = Ngj, 
Ws = —66gj, 
Fg = Fei. 


First we find the tension in the rope that 
would make person A be on the point of 
slipping. Using the equilibrium condition for 
person A gives 


Ta +Na+Wa+Fa =O, 
that is, 
Ti+ Naj—82gj-— Fai=0. 


If person A is on the point of slipping, then 
Fy =0.3.Na and we obtain 


Ti+ Naj—829j—-03Nai=0. 


Resolving this equation in the i- and 
j-directions gives 


T —0.3N,a = 0, 
Na — 82g = 0. 

Rearranging the second equation gives 
Na = 82g. 

Substituting in the first equation gives 
T = 0.3 x 82g = 24.69. 


So person A would be on the point of slipping 
when the tension in the rope is 24.6g newtons. 


Next we find the tension in the rope that 
would make person B be on the point of 
slipping. Using the equilibrium condition for 
person B gives 


Tg + Ng + Wg + Fz =0, 
that is, 
TiN ~ 66 —Fat= 0, 
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If person B is on the point of slipping, then 
Fg = 0.4Npg and we obtain 


Ti+ Npj—66gj—0.4Npi=0. 


Resolving this equation in the i- and 
j-directions gives 
T — 0.4Ng = 0, 
Np — 66g = 0. 
Rearranging the second equation gives 
Ng = 66g. 
Substituting in the first equation gives 
T = 0.4 x 66g = 26.4g. 


So person B would be on the point of slipping 
when the tension in the rope is 26.4g newtons. 


So for person A not to slip, the tension must 
be less than 24.6g newtons, and for person B 
not to slip, the tension must be less than 
26.4g newtons. Therefore we conclude that 
person A will slip first. 


Solution to Exercise 23 


The forces acting on the metal weight are its 
weight W, and the tension T; in the rope. 
The forces acting on the sledge are its 
weight Wo, the tension Tə in the rope, and 
the normal reaction N from the plane. Force 
diagrams are shown below. 


metal weight sledge 


Take i and j to be perpendicular and parallel 
to the ramp, respectively, as shown. Take j’ 
to point vertically up. 


We know that |W] = 13g. 


Since Tı and T, are tensions in the same 
model string passing over a model pulley, 
their magnitudes are equal. So let 

T = |T| = |T2|. Also, let N = |N]. Let the 
mass of the sledge be m. 


The forces on the metal weight are given in 
component form by 

Tı =Tj, 

W, = - 139]. 
The forces on the sledge are given in 
component form by 

N= Ni, 

Tə = Tj, 

W> = —mg sin 82°i — mg cos 82°j. 
The equilibrium condition for the metal 
weight is Ta + W, = 0, which gives 

Tj — 13gj' = 0. 
Hence 

T = 13g. 
The equilibrium condition for the sledge is 
N + T2 + W2 = 0, which gives 

Ni+Tj-— mgsin82°i— mg cos82°j = 0. 
Substituting for T using the equation 
T = 13g gives 

Ni+13gj-— mg sin 82°i — mg cos 82°j = 0. 
Resolving in the j-direction gives 

13g — myg cos 82° = 0, 
that is, 

13 — m cos 82° = 0. 


Hence 


13 
= ——— = 93.408.... 
m cos 82° 


Therefore the mass of the sledge is 93 kg 
(to 2 s.f.). 


Solution to Exercise 24 


(a) The forces acting on the metal weight are 
its weight W, and the tension T; in the 
rope. The forces acting on the wooden 
block are its weight W2, the tension Tə 
in the rope, the friction force F, and the 
normal reaction N from the plane. Since 
the wooden block is on the point of 
slipping up the slope, the friction force 
acts down the slope. Force diagrams are 
shown below. 


Solutions to exercises 


Wi 


metal weight 


wooden block 


We know that |W2| = 18g. 


Take i and j to be parallel and 
perpendicular to the slope, respectively, 
as shown. Take j’ to point vertically up. 


Since Tı and T, are tensions in the same 
string passing over a model pulley, their 
magnitudes are equal. So let 

T =|T,| = |T2|. Also, let N =|N| and 
F = |F|, and let m be the mass of the 
metal weight, so |W 1| = mg. 


Writing the forces acting on the metal 
weight in component form gives 


Ti = Ty; 
Wi = -nmgj. 


Writing the forces acting on the wooden 
block in component form gives 


N = Nj, 
Tə = Ti, 
F=-Fi, 


Wha = —18g cos 58°i — 18g sin 58°). 


The equilibrium condition for the metal 
weight is Tı + W1 = 0, which gives 


Tj’ —mgj = 0. 
Hence 
T = mg. 


The equilibrium condition for the wooden 
block is N + Tz + F + W2 = 0, which 
gives 
Nj+Ti-—Fi 
— 18g cos 58°i — 18g sin 58°j = 0. 
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wa 


Since the block is on the point of 
slipping, and the coefficient of static 
friction is 0.3, we have F =0.3N. Using 
this equation and the equation T = mg 
to substitute in the equation above gives 


Nj+mgi-0.3Ni 
— 18g cos 58°i — 18g sin 58°j = 0. 
Resolving in the i- and j-directions gives 
mg — 0.3N — 18g cos 58° = 0, 
N — 18g sin 58° = 0. 
The second equation gives 
N = 18g sin 58°. 
Substituting this into the first equation 
gives 
mg — 0.3 x 18g sin 58° — 18g cos 58° = 0, 
that is, 
mg — 5.4g sin 58° — 18g cos 58° = 0. 
Dividing through by g gives 
m — 5.4sin 58° — 18 cos 58° = 0. 
Hence 
m = 5.4sin 58° + 18 cos 58° 
= 14.118.... 


So the mass of the metal weight is 14kg 
(to 2 s.f.). 


In this part, we need to start by working 
out the mass of the metal weight in the 
situation in which the wooden block is on 
the point of slipping down the plane 
rather than up the plane. 


To find this, the working is the same as 
in part (a), except that the friction force 
acts up the slope rather than down the 
slope, so it is given by 
F = Fi. 
Hence in this situation the equation 
obtained from the equilibrium condition 
for the wooden block is 
Nj+Ti+Fi 
— 18g cos 58°i — 18g sin 58°j = 0, 
which becomes 
Njt+tmgit+03N i 
— 8g cos 58°i — 18g sin 58°j = 0. 


Resolving in the i- and j-directions gives 
mg + 0.3N — 18g cos 58° = 0, 
N — 18gsin 58° = 0. 

The second equation gives 
N = 18g sin 58°. 


Substituting this into the first equation 
gives 


mg + 0.3 x 18g sin 58° — 18g cos 58° = 0, 
that is, 
mg + 5.4g sin 58° — 18g cos 58° = 0. 


Dividing through by g gives 

m + 5.4sin 58° — 18 cos 58° = 0. 
Hence 

m = —5.4sin 58° + 18 cos 58°. 


This is the mass (in kg) of the metal 
weight in the situation in which the 
wooden block is on the point of slipping 
down the plane. 


It follows from this and the solution to 
part (a) that the amount (in kg) by 
which the mass of the metal weight can 
be decreased without the block slipping 
down the plane is 


5.4sin 58° + 18 cos 58° 
— (—5.4sin 58° + 18 cos 58°) 
= 10.8 sin 58° 
= 9.1589.... 
So the mass of the metal weight can be 
decreased by up to 9.2kg (to 2 s.f.) 


without the wooden block slipping down 
the plane. 


Solution to Exercise 25 
(a) Model the two weights and the crate as 


particles, the two ropes as model strings, 
and the two pulleys as model pulleys. 


The forces acting on the first weight are 
its weight W, and the tension T; in the 
rope. 


The forces acting on the crate are its 
weight W, the tension Tə in the first 
rope, and the tension T3 in the second 
rope. 


The forces acting on the second weight 
are its weight W»2 and the tension Ty in 
the rope. 


Force diagrams are shown below. 


T IN 
1 T, 4 
j 
i t i 
Wi W2 
weight crate weight 


We know that |W1| = 25g, |W2| = 25g 
and |W] = 40g. 


Take i to point to the right and j to point 
upwards, as shown. 


Since T4 and T, are tensions in the same 
model string (the first rope), we have 
|Ti| = |T2|. Similarly, since T and T4 
are tensions in the same model string 
(the second rope), we have |T3| = |T4|. 
Also, by the symmetry of the situation, 
we have |T;| = |T4| (and |T2| = |Ts3)). 
So let T Til |Tə] |Ts| |T4|. 


From the force diagram for the first 
weight we have 
Ti = Tj, 


From the force diagram for the crate we 
have 


Tə = —T cosĝi + T sin 0j, 
T; = T cosi +T sinðj, 
W = —40gj. 
Since the first weight is in equilibrium, 
Ti + W; =0, 


which gives 


Tj—25gj=0. 
Hence 
T = 25g. 


Since the crate is also in equilibrium, 


Tə +T + W= 0, 


eH 


Solutions to exercises 


which gives 
—T cosi +T sinj +T cosi 
+T sinj — 40gj = 0, 
that is, 
2T sinj — 40gj = 0. 


Substituting in this equation using the 
equation T = 25g gives 


50g sin 0j — 40gj = 0, 
that is, 

5sinĝj— 4j = 0. 
Hence 

5sinf — 4 = 0, 
which gives 

sin? = 0.8. 


Consider the right-angled triangle ABC 
in the diagram below, where A is at the 
left-hand pulley, C is at the crate, and B 
is at the ceiling, vertically above the 
crate. 


The distance that we seek is length BC. 


We know that AC = 4 — 2.5 = 1.5, and 
by alternate angles, ZBAC = 9. Hence 
we have 


sin 0 Be 
mi = —~— 
AC’ 
so 
BC 
0.8 Ts" 
thus 


BC = 0.8 x 1.5 = 1.2. 


So the crate hangs 1.2m below the 
ceiling. 
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Exercise Booklet 5 


Solution to Exercise 26 


(a) The forces acting on the pan and weights 


are their combined weight W, and the 
tension T; in the string. 


The forces acting on the block are its 
weight W, the tension T in the string, 
the friction force F, and the normal 
reaction N from the plane. 


Force diagrams are shown below. Since 
the block is on the point of slipping down 
the plane, the friction force acts up the 
plane. 


Wi 


block 


pan and weights 


Take i and j to be parallel and 
perpendicular to the slope, respectively, 
as shown. Take j’ to point vertically up. 


We know that |Wj| = 0.35g and 

|W] = 1g = g. 

Since T, and T are tensions in the same 
model string passing over a model pulley, 
their magnitudes are equal. So let 

T =|T,| = |T|. Also, let N = |N]. Since 
the block is on the point of slipping down 
the plane, we have |F| = 4N. 

Expressing the forces acting on the pan 
and weights in component form gives 


Tı = Tj’, 
W, = —0.35gj'. 


Expressing the forces acting on the block 
in component form gives 


T=Ti, 
N = Nj, 
F = pNi, 


W = —gsin ĝi — g cos 0j. 


eS 


Since the pan and weights are in 
equilibrium, we have Tı + W: = 0, 
which gives 


Tj — 0.35gj' = 0, 
and hence T = 0.35g. 
Since the block is in equilibrium, we have 
T+N+F+W=0O, 
which gives 
Ti+NjtpNi 
— gsin ĝi — g cos 0j = 0. 


Using the equation T = 0.35g to 
substitute for T in this equation gives 


0.359gi+Nj+tpyNi 
— gsin ĝi — g cos 0j = 0. 
Resolving this equation in the i- and 
j-directions gives 
0.35g + uN — gsin 0 = 0, 
N —gcos0=0. 
The second equation gives 
N = gcos@. 
Using this equation to substitute for N in 
the first equation gives 
0.35g + ug cos 0 — gsin0 = 0. 
Dividing through by g gives 
0.35 + u cos 0 — sin 0 = 0, 
and rearranging gives 
_ sind — 0.35 
cos 0 


$ 


as required. 


In this part, the working is the same as in 
part (a), except that first, since the block 
is on the point of slipping up the plane, 
the friction force acts down the plane and 
is given by 


F = —uNi, 


and second, the mass of the pan and 
weights is 0.9kg rather than 0.35 kg, 
which gives |W,| = 0.9g and hence 


W:ı = —0.99j’. 


Force diagrams are shown below. 


Ww 


block 


pan and weights 


Since the pan and weights are in 
equilibrium, we have Tı + W, = 0, 
which gives 


Tj’ —0.9gj' = 9, 
and hence T = 0.9g. 
Since the block is in equilibrium, we have 
T+N+F+W=0O, 
which gives 
Ti+Nj-pNi 
— gsin ĝi — g cos 0j = 0. 


Using the equation T = 0.9g to substitute 
for T in this equation gives 


0.9gi+ Nj-—pNi 
— gsin ĝi — gcos fj = 0. 


Resolving this equation in the i- and 
j-directions gives 


0.99 — uN — gsin 0 = 0, 
N — gcos 0 = 0. 
The second equation gives 


N = gcos@. 


(c) 


Solutions to exercises 


Using this equation to substitute for N in 
the first equation gives 


0.99 — ug cos 0 — g sin 0 = 0. 
Dividing through by g gives 
0.9 — u cos 0 — sin 0 = 0, 
and rearranging gives 
_ 0.9-—sinð 


cosO6 ” 


as required. 


Equating the expressions for u found in 
parts (a) and (b) gives 
sin?—0.35 0.9 — sinð 


cos @ cos 0 
Hence 


sin 8 — 0.35 = 0.9 — sin 0 
(and cos@ # 0), which gives 
2sin = 1.25, 
that is, 
sin 0 = 0.625. 
Hence 
0 = 38.682...°. 


Substituting into the expression for u 

found in part (b) gives 
0.9 — 0.625 

~ cos(38.682...9) 

Hence the angle 8 is 39° (to the nearest 


degree), and the coefficient of static 
friction y is 0.35 (to 2 s.f.). 


u = 0.3522... 


25 


